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Aeroservoelastic Model Uncertainty
Bound Estimation from Flight Data

Martin J. Brenner¤

NASA Dryden Flight Research Center, Edwards, California 93523-0273

Uncertainty modeling is a critical element in the estimation of robust stability margins for stability boundary
prediction and robust � ight control system development. There has been a serious de� ciency to date in aeroser-
voelastic data analysis with attention to uncertainty modeling.Uncertainty can be estimated from � ight data using
both parametric and nonparametric identi� cation techniques. The model validation problem addressed here is
to identify aeroservoelastic models with associated uncertainty structures from a limited amount of controlled
excitation inputs over an extensive � ight envelope. The challenge is to update analytical models from � ight data
estimates while also deriving nonconservative uncertainty descriptions consistent with the � ight data. Transfer
function estimates are incorporated in a robust minimaxestimation scheme to update models and get error bounds
consistent with the data and model structure. Uncertainty estimates derived from the data in this manner pro-
vide an appropriate and relevant representation for model development and robust stability analysis. The method
incorporates parametric and nonparamteric uncertainty into variousuncertainty structures for quantitativemea-
sures of robust stability relating to parameter variations and unmodeled dynamics. This model-plus-uncertainty
identi� cation procedure is applied to aeroservoelastic � ight data from the NASA Dryden Flight Research Center
F-18 Systems Research Aircraft.

Nomenclature
fA; B; C; Dg = plant state-space matrices
f OA; OB; OC ; ODg = estimated plant state-space matrices
K = controller
P = aeroservoelasticplant
OP = updated aeroservoelasticplant

T = complementary sensitivity function
W = uncertainty weightings
y = output frequency response vector
1C = uncertainty in C matrix
1 H = uncertainty in model-multiplier parameter vector
1a = complex additive uncertainty
1i = complex input-multiplicativeuncertainty
1o = complex output-multiplicativeuncertainty
1r = real output-multiplicativeuncertainty
1ro = mixed output-multiplicativeuncertainty
² = minimum upper bound of "
" = frequency-dependentadditive uncertainty
H = model-multiplier parameter vector
OH = estimated model-multiplier parameter vector

¹ = structured singular value
U = matrix of modal frequency responses
Á = model frequency response vector

Introduction

A EROSERVOELASTIC systems comprise interactionsof gen-
erallymulti-input/multi-outputsampled-datacontrol feedback

with actuation dynamics coupled with aeroelasticity. Highly aug-
mented closed-loop� ight-test data require extra care in distinguish-
ing system component dynamics. Discrimination of source and re-
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sponse effects for proper understanding of issues in causality may
be problematic.Flight-testveri� cation of an aeroservoelasticmodel
can also prove dif� cult in discerning the individual subsystem dy-
namics becauseof inaccessibleparametersor inadequatesensingfor
system identi� cation procedures.For instance,aerodynamicparam-
eter identi� cation algorithms for aeroelastic effects may encounter
problemswith � exibility,1 closed-loopcoupling,and transonicnon-
linearity.

Model veri� cation over an extensive � ight envelope presents
more challenges. Test data acquisition is expensive, and so ma-
neuvers are designed for maximum ef� ciency and data quality. A
veri� cationmethodis desiredthat accuratelyandef� cientlyincludes
identi� cationof criticalparameters,addressesmismodelingand un-
modeled dynamics, deals with test condition and system variability,
and derives data-consistent parametric and nonparametric uncer-
tainty descriptions. Parametric uncertainty is generally caused by
mismodeling of system properties, off-nominal test conditions,and
model oversimpli�cations. Nonparametric uncertaintyoften relates
to unmodeled dynamics and exogenous inputs and requires weaker
assumptions on the identi� ed system.

With such apparentcomplicationsin mind, this paper takes the ap-
proach that estimationof aeroservoelasticmodels must deal directly
with uncertaintyin model veri� cation. Parameter identi� cation will
be appliedformodelupdatesfromthe testdatawhile addressingmis-
modeling and unmodeled dynamics. Parametric and nonparametric
uncertaintyare incorporatedto help minimize conservativenessand
includeboth structured and unstructureduncertainty.Nonstatistical
estimation approaches are preferred to avoid restrictive assump-
tions, minimize algorithmic complexity, and improve reliability in
the form of error bounds. Most importantly, the effectiveness of
model-based quanti� cation of uncertainty bounds is appealing for
robust control-orientedapplications.2¡4

Set membership identi� cation has been presented in a variety of
contexts. Bounded error estimation,5 or bounded data uncertainty,6

characterizesfeasible sets of parameters with uncertaintyestimates
consistent with the data, model structure, and prior information
on uncertainty bounds. This last requirement can be in the form
of unknown but bounded disturbances,7;8 constraints on the sys-
tem impulse response and inputs,9 or assumptionson bounded data
perturbations.10

Two general researchdirectionsof set membershipestimationare
1) obtain the exact membership set and 2) compute a speci� c opti-
mal estimate in the membership set. The former has suffered from
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computationalcomplexityand conservatism.7;11 An optimal, robust
minimax estimate approach is applied in this paper, but the a priori
uncertaintybound is not required.Minimum upper error bounds are
computed with the parameter estimates such that the feasible set is
described as a function of the error bounds. Hence, computationof
the minimum error bound results in a smallest nonempty feasible
set.12

Transfer functions and modal parameter estimates derived from
time-frequency representationshave previouslybeen applied to es-
timate state-space aeroservoelasticmodels.13;14 Morlet wavelet � l-
tering (see Refs. 15–17) is employed in this paper to update modal
parameters as a � rst step in aeroservoelastic model identi� cation
and uncertaintyestimation.Standard transfer functionsare then em-
ployed in the estimationof input–output parameterswith associated
uncertainty using an optimal minimax procedure. Bounds derived
from these estimates de� ne parametric and nonparametric errors
that relate to multiplicative and additive uncertainty structures, re-
spectively, for mixed-¹ (Refs. 18 and 19) robust stability analyses.

Uncertainty modeling for aeroservoelastic data analysis has not
been addressedadequatelyin the literature.This paper addressesthe
problem by deriving models with nonconservative uncertainty de-
scriptionsconsistentwith the � ight data in a robust control-oriented
approach. F-18 Systems Research Aircraft (SRA)20 data are used
to demonstrate comparisons made between models derived from
robust estimation methods using multiplicative and additive uncer-
tainty structures.

Uncertainty Modeling
The aeroservoelasticopen-loop plant model includes rigid-body

and elastic modes, coupled high-order actuator dynamics, and con-
trol surfacemodaldynamics.21 Includingthe aerodynamiclag states,
the aeroservoelasticstate equations take the following form:

Px D Ax C Bu; u D ±d

y D Cx C Du; x D d´±´r ´e Ṕr Ṕe´a±c

consistingof input control surface commands ±d , actuator states ´± ,
rigid-bodystates ´r , � exible mode states ´e , aerodynamic lag states
´a , and control surfacedisplacements±. Aeroservoelasticplant P is,
therefore, represented as the state-space operator. Associated with
this time-domainrepresentationis the transferfunction P.s/, a func-
tion of the complex Laplace variable s, such that y D P.s/u:

P.s/ D D C C.s I ¡ A/¡1 B (1)

Controller K .s/ is modeled similarly, but being a digital imple-
mentation of the aircraft control laws, it is modeled as a function of
discretecomplexvariablez as K .z D esT /, speci� edby the sampling
time T and a zero-order sample hold at the input of the controller.

A robust characterization of the feedback model incorporates
unstructured uncertainty to account for unmodeled dynamics and
parameter variations. Unmodeled dynamics are represented with
simple cone-bounded transfer functions at the input–output refer-
ence locations.Assume the model is suitablyscaledwith weightings
W1 and W2 , so that the uncertainty can be represented by operator
W11W2 . With uncertainty incorporated into the proper loop ref-
erence locations, the robust stability condition is determined by
analyzing unity-norm bounded perturbations, k1k1 < 1, with the
small gain theorem.19

Multiplicative uncertainty as shown in Fig. 1 is used to repre-
sent unmodeled dynamics and errors at the feedback output sensors
(wo D 1ozo ) and actuator input commands (wi D 1i zi ). Each of 1o

and 1i are diagonal complex perturbationsof appropriateoutput or
input dimensions. Performance speci� cations are in terms of sen-
sor noise attenuation (output response to output commands) and

Fig. 1 Closed-loop model with
input–output complex multi-
plicative uncertainty.

Fig. 2 Closed-loop model with
additive aeroservoelastic plant
uncertainty.

Fig. 3 Closed-loop model with additive and complex multiplicative
plant uncertainty.

actuator disturbance rejection (input response to input commands),
respectively.

Multiplicative perturbation at the output results in perturbed
model QPo D .I C 1o/P, and at the input the perturbed model is
QPi D P.I C 1i /. Necessary and suf� cient conditions for unstruc-

tured robust stability are then derived from tests on loop sensitiv-
ity functions. Unstructured robust stability tests representing these
types of uncertainty are described from the complementary sensi-
tivity matrix functions of complex P.s/ and K .s/:

k1ok1 < 1; kW2ToW1k1 · 1; To D PK.I C PK/¡1

k1i k1 < 1; kW4Ti W3k1 · 1; Ti D KP.I C KP/¡1

(2)

Another uncertainty characterization of interest in this paper is
the additive stable perturbation, 1a , for which the perturbed plant
is QPa D P C 1a , which is depicted in Fig. 2 as additive plant errors
(wa D 1a za ). The correspondingcontrol action robust stability test
of input response to output disturbances from additive plant errors
is imposed by the loop shape condition

®®W6 K .I C PK/¡1W5

®®
1

· 1 (3)

The characterization that augments (wa D 1aza ) with the com-
plex multiplicativeuncertaintyrepresentationof unmodeleddynam-
ics from Fig. 1 is shown in Fig. 3. Here, 1a is a full-block com-
plex perturbation because frequency-dependent errors are allowed
to enter any of the multi-input/multi-output loops in an arbitrary
fashion.

The robust stability criteria of Eq. (2) vary with the uncertainty
description. Uncertainty structure depends on the type of perturba-
tion and how it connectsto the nominal system.A mixed uncertainty
structureconsistsof (real) parametricand (complex) unmodeleddy-
namic perturbationsand cannot be treated adequatelywith a simple
cone-bounded representation. The structured singular value ¹ is
used to reduce conservatismfor problems with structuredspeci� ca-
tions of uncertainty.19;21 Robust stability tests of Eq. (2) are stated
in terms of an upper bound of ¹1 (noting ¹ dependence on 1) at
each frequency ! (Ref. 18).

In this paper, the analysis setup of Fig. 1 is primarily used
as a benchmark for aeroservoelastic stability analysis in the ¹
framework. In the output-multiplicative parameterization, QPo D
.I C 1o/P , for example, the relations

y D .I C 1o/Pu; zo D ¡PK.wo C zo/ D ¡.I C PK/¡1PKwo

indicate that closed-loopstability is guaranteedif .I C PK/¡1PK1o

is less than unity. This suggests an interpretation as a multivari-
able transfer function gain in the sense that logkTo1ok · logkTok
because k1ok < 1.

To establish a common analysis consistent among the various
uncertainty structures, while dealing with structured uncertainty in
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Fig. 4 Input complex with
output-mixed multiplicative
uncertainty.

general, the robust stability criterion of Eq. (2) are replaced with

¹1 o.W2ToW1/ · 1; k1ok1 < 1

¹1 i .W4Ti W3/ · 1; k1i k1 < 1 (4)

and the controlactionstabilitycriterionof Eq. (3) similarlybecomes

¹1a

£
W6 K .I C PK/¡1W5

¤
· 1; k1ak1 < 1 (5)

These conditions imply that for all perturbations matrices
f1o; 1i ; 1ag with appropriate structure and satisfying the upper
boundconstraints,k1ok1 < 1, k1i k1 < 1, and k1ak1 < 1, respec-
tively, the perturbed system is stable. All weights Wi are chosen to
scale the auxiliaryvariables fw; zg such that theseupper bound con-
straints are valid. Also, there is a particular perturbationmatrix not
satisfying the contraints that causes instability, and this is found
best from the computational lower bound.18;19 Therefore, the ¹ up-
per bound plot determines the size of perturbation for which the
loop is robustly stable. Lower peaks imply more robust stability.

In the present application, real parameter uncertainty is repre-
sented with bounded real perturbations, [±1; : : : ; ±n ], j±i j1 < 1, in
the aeroservoelasticplantoutput.A diagonalreal-perturbationblock
is augmented to the complex output perturbationblock 1o to get

1r D

2

4
±1

: : :

±n

3

5 ; 1ro D
µ

1r

1o

¶

wro D 1rozro (6)

The multiplicativestructure from Fig. 1 is modi� ed with the addi-
tional (wr D 1r zr ) as shown in Fig. 4. Therefore, Fig. 1 is actually
contained in Fig. 4, but the additional real perturbation block at
the output in Fig. 4 will account for individual modal contribu-
tions to the feedback response to the controller. A real-¹ analy-
sis augmented with a complex block is a mixed-¹ problem. Com-
plex blocks added to real perturbation problems have engineering
relevance by accounting for phase uncertainty, besides guarantee-
ing continuitypropertiesand assisting convergence.18 The complex
blocks f1o; 1i g for the currentproblemarealso motivatedby uncer-
taintymodelingof unmodeleddynamicsas a functionof thenominal
complementary sensitivity transfer functions in Eq. (4) and, hence,
are retained from Fig. 1.

Alternatively,the effect of real parametricuncertaintyat the plant
input or output will be shown to represent an additive uncertainty
in the plant transfer function, as in Fig. 3. In the current anal-
ysis, the additive perturbation derived from the plant uncertainty
(wa D 1a za ) will be compared with a consistent real perturbation
analysis (wr D 1r zr ) of the associated structured uncertainty of
Fig. 4 for the F-18 SRA aeroservoelasticmodel.

Wavelet Filtering and Modal Identi� cation
Time-frequencyanalysisprovidesa powerful tool for the analysis

of nonstationarysignals.22¡24 Signal structure is revealed by quan-
tifying the time-frequency distribution of signal energy as a joint
function of time and frequency. Energy density concentrations are
revealed as speci� c areas in the time-frequencyplane.

A novel multiresolutionwavelet signal processingmethod is ap-
plied to time-frequencyanalysisof signalsbydecomposingdata into
cells with properties of scale and frequency concentrated in time.
The cells consist of Gaussian-windowedsinusoidalbasis functions,
also known as Morlet wavelets, creating a multiscale decomposi-
tion in a � lter bank structure.24 Competing requirements of time
and frequency resolution, subject to the uncertainty principle,23 is

accomplished with a combination of dyadic multiscale decomposi-
tion, compact orthogonality,and harmonic wavelet properties.25

Parameter estimates are derived from time-frequency represen-
tations using Morlet wavelet � ltering (see Refs. 15 and 16). Morlet
� lteringis a signalanalysistechniquethat can use time-frequencyin-
put information for speci� cation of energy concentrationsbut does
not regard the system as an input–output state-space realization.
Morlet wavelets consistute the basis for the energy-densitydistribu-
tion and, assuming the dominantsinusoidalcharacteristicsin sensor
responses are modal responses, are then used to estimate the modal
parameters. The wavelet basis representationof the signal is, there-
fore, a projection subspace for extraction of modal dynamics.

As a � rst step in aeroservoelasticmodel identi� cation and uncer-
tainty estimation, the state-space transfer function plant description
of Eq. (1) is transformedinto real bidiagonalmodal form with trans-
formation matrix T :

P D
µ

A B

C D

¶

D

2

666666664

¡.³ !n/1 ¡!d 1 0 0 0

!d 1 ¡.³ !n/1 0 0

0
: : : 0

0 0 ¡.³ !n/M ¡!d M

0 0 0 !d M ¡.³ !n/M

TB

CT D

3

777777775

(7)

These two-by-two blocks of complex conjugate roots represent M
numberofmodes,where ³ is the modaldampingratio,!n the natural
modal frequency, and !d D !n

p
.1 ¡ ³ 2/ is the damped modal fre-

quencyfor each mode (ignoringreal roots for simplicityhere). From
this state-coordinate transformation the roots of structural modes
are generally simple to discriminate from actuator, rigid-body, and
aerodynamic lag states.

Modal parameters estimated from Morlet wavelet � ltering of the
open-loop aeroservoelasticplant transfer function are incorporated
into the A-matrix modal form under the following guidelines:

1) Estimated modal frequency lies within speci� ed range.
2) Modal parameter estimate con� dence factor is suf� cient.15

3) Search over !d for nearest estimate to A-matrix imaginary
pairs.

4) A-matrix complex conjugate pair must correspond to a struc-
tural mode.

5) A-matrixmodal pairs are replacedwith estimatesunder criteria
1– 4.

In this paper, parametric errors in modal frequency and damping
estimation are not explicitly considered in the uncertainty descrip-
tion, as in previous studies.16;21 Justi� cation for this lies in choosing
a high con� dence factor for allowable estimates to help minimize
estimationerror.15 Also, this error will be implicit in the uncertainty
model development to be discussed.

Observability of modal dynamics obviously affects identi� abil-
ity. All available control feedback responses of the aeroservoelastic
plant are used to identify modal parameters from each control com-
mand maneuver. Numerous reponses become available for estima-
tion of most modes to establish a high degree of con� dence from at
least one of the responses.

For the F-18 SRA maneuvers used in this research, Table 1 lists
the availablecontrolcommandsused to generate the listed feedback
signals for modal parameter estimation and subsequent transfer
functionestimationforuncertaintyanalyses.Discretemultisinecon-
trol commands are the inputs for the aeroservoelastictransfer func-
tions. There are 25 analysis maneuvers in the matrix. Subsets of
these correspondto predominantlysymmetricor antisymmetricma-
neuvers, but, in reality, most modes are excited with either type of
input.

Minimax Parameter and Uncertainty Estimation
Uncertaintyestimationfor aeroservoelasticsystemsdependson a

variety of off-nominalfactors to consider, such as fuel weight, � ight
condition, control gains, hinge moments, and other aerodynamic
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Table 1 Feedback measurements and control
commands used for the F-18 SRA aeroservoelastic

plant transfer function and modal
parameter estimates

Feedbacks Control commands

Longitudinal
Pitch rate Symmetric stabilator
Normal acceleration Symmetric aileron

Lateral–directional
Roll rate Differential aileron
Yaw rate Differential stabilator
Lateral acceleration Rudder

effects. The maneuvers used in this research from the F-18 SRA
were predominantly � own for the purpose of model veri� cation
and update in support of the F-18 Active Aeroelastic Wing Pro-
gram (AAW).26 Flight conditions, therefore, lie entirely inside the
F-18 AAW envelope, which is predominantly transonic and near
transonic. Aerodynamic parameter estimation, loads analysis, and
aeroservoelasticmodel veri� cation were primary � ight-test objec-
tives for these maneuvers.

System identi� cation with uncertainty modeling requires deter-
mination of reliable bounds with the nominal estimates. Interval
and bounded-error estimation techniques have prede� ned bounds
on the error from a priori knowledge of the system or sensors. This
assumption is unacceptable, especially for analysis of aeroservo-
elastic � ight data in the transonic regime because reliable bounds
on the errorsdo not exist.Most important,popularmethods for iden-
ti� cation are not model based, and so the errors are not relevant to
the model, but only dependon the data and estimationprocess itself.

Aeroservoelastic models are often of high order, signi� cant dy-
namic range, and contain lightly damped modes. Any methods that
depend on simultaneousparameter and model order estimationwill
have complexity problems attempting to discern order from uncer-
tainty. Even for � xed-order estimation, identi� cation of structural
parameters with input–output (C and B) parameters is susceptible
to nonuniqueness, convergence, and bias problems unless severe
assumptions are imposed.3;14;27 Again, these procedures are often
basedon statisticalargumentsand often are not model based.Stabil-
ity predictionbased on errors between models and aircraft requires
uncertainty relative to a model.

Robust Minimax Parameter Estimation
Robustminimaxestimationnot only providestheminimumupper

boundon theerror,but alsoprovidesa parameterset compatiblewith
any error upper bound.12 The problem is stated in terms of error
".k; H /, its bound ², and parameter vector H , given N measured
frequencyresponsedata y.k/, and model frequencyresponsevector
Á.k/:

² ´ k"k1 D max
k

j"j; ".k; H / D y.k/ ¡ Á.k/ H

k D 1; : : : ; N (8)

Because the minimum upper error bound over frequency ² is as-
sumed unknown, it is estimated from the minimax procedure. The
minimum value of ² is desired that is consistentwith the � ight data
frequency responses.A solution set is given by

n
OH j OH D arg min

2
max

k
jÁ.k/ H ¡ y.k/j

o
(9)

which can be transformed to a differentiable linear programming
problem using additional variable x subject to constraints

OH D arg min
2

.x/; jÁ.k/H ¡y.k/j · x; k D 1; : : : ; N

It can then be shown that the set of all (x; H ) consistent with
the constraints is a convex unbounded polyhedron, or for any
x ¸ ² (Ref. 12)

H D OH C 1 H D OH C 1.x/ (10)

The feasiblepolytopefor (x; H ), thus, containsthe exactdescription
of the solution set of OH , including a range of feasible parameters
contained in a positive interval 1 H that satis� es Eq. (9) for any
x ¸ ². Therefore, the most important property of this approach for
uncertainty estimation is that a minimum upper bound on the fre-
quency response error ² is found that is compatible with parametric
errors1 H , so that theseparametricerrors are derivedfrom thevalue
of the nonparametric error cost function j".k; H /j.

A seeminglyattractiveanalytic center approach to bounded-error
estimation was recently proposed7;28 to minimize logarithmic aver-
age output error

OH D arg min
2

X

k

log jÁ.k/ H ¡ y.k/j

This estimator has nice properties in terms of output error mini-
mization, robustness to outliers, and online sequential implemen-
tations. However, these properties and error bounds depend on a
priori knowledge of noise bounds. This estimator is not chosen be-
causeof the necessarynoise assumptionsand absenceof guaranteed
parametric error bounds.

Model Updates and Output-Uncertainty Estimation
Now the procedure for � ight data analysis is described in the ro-

bust minimax estimation framework. First, the A matrix of Eq. (7)
is updated to get estimate OA, with wavelet modal � ltering. Then the
column of the fB; Dg matrices in Eq. (7) corresponding to a par-
ticular control command input is appropriately scaled by matching
the norms of the model and estimated data transfer functions from
control command to feedback sensor. These estimates are denoted
as f OB; ODg. Each element of the model C matrix corresponds to a
modal contribution to the feedback response. Elements of the ap-
propriate row of the model C matrix correspondingto the feedback
response are then chosen for optimization only if they correspond
to modal responses within a speci� ed frequency range. Vector y is
the � ight data response from a feedback sensor, being a sum of the
aircraft modal responses.

Each row of the model C matrix is expanded in a matrix diagonal

[c1 ¢ ¢ ¢ cn ] !

2

4
c1 0 0

0
: : : 0

0 0 cn

3

5 H) OP D

2

6664

OA OB
c1 0 0

0
: : : 0

0 0 cn

QOD

3

7775

where QOD is resized from elements of OD corresponding to diago-
nalization of a row of C . Arrange the updated model frequency re-
sponse matrix OP.i!k / to form the n columns (for n states) of matrix
U , where each column corresponds to a modal frequency response
contribution to the total feedback sensor response such that

U .k; l/ D OP.i!k; l/; l D 1; : : : ; n; k D 1; : : : ; N (11)

Parameter vector H is the multiplier (nominally H D [1 ¢ ¢ ¢ 1]T ) on
the model response matrix U to match the � ight data response.
Absolute transfer functionerror ² is the maximum of the frequency-
dependent error vector O" expressed as [compare to Eq. (8)]

² ´ kO"k1 D jO"j; O" D y ¡ U OH D y ¡ Oy (12)

In light of the robust properties of logarithmic error criteria28¡30

and thewell-knownpropertyofChebyshevestimatorsbeingoptimal
in terms of worst-case parameter error, the objective function is
chosen as a log-type Chebyshev estimator:

OH D arg min
2

max
!

log j U H ¡ yj (13)

There is strong justi� cation for this performance criterion. It has
been shown that logarithmic error minimization is superior to
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absolute error minimization for parametric transfer function esti-
mation, especiallyfor structuralsystemsand high-orderproblems.30

Properties from Eq. (9) still hold in a log sensebecausethe log func-
tion and its inverse (exponential) are monotonic smooth functions
of the data. Furthermore, log-based frequency-responseestimation
demonstrates superior performance in closed-loop systems, with
mutually correlated signals in feedback,and is robust to noise char-
acteristics and outliers without relying on statistical assumptions.29

Parametric uncertainty is multiplicative in the real C-matrix val-
ues because the identi� ed parameter vector OH is a multiplier to
the model. This is the optimal nominal estimate. It was also shown
that from the identi� cation proceduresof Eq. (9) or Eq. (13), a real
positive uncertainty interval 1 H to this nominal part results from
Eq. (10). Decomposing the identi� cation problem into these nomi-
nal and uncertainparts, an estimateof the real parameteruncertainty
becomes [see Eq. (12)]

kOyk C ² ´ k U OH k C k U ¢ 1 H k () ² D kU ¢ 1 H k · k U kk1 H k

H) 1 H ¼ ²:

¿ NX

k D 1

j U k;l j; l D 1; : : : ; n (14)

where element-by-element division (²:=) is implied. In the expres-
sion U ¢1 H , each uncertainelementof 1 H is weightedby a column
sum of U . Each element of the positiveuncertain vector 1 H , there-
fore, results from a division by

X

k

j U k;l j

a weighting by an inverse absolute column sum (vector 1-norm).
This is a decompositionof the absolute total error over frequency ²
into individualmodalcontributionsin theelementsof1 H .Elements
of 1 H with denominator sums less than a small threshold retain
nominal OH values [1 H .l/ D 0] to avoid numerical problems, but
also denote relatively insigni� cant modal responses [column sums
of jU j, see Eq. (11)] with very low observability.

Note that 1 H D 1.²/ from the linear programming solution
[compareEqs. (10) and (14)], so that theparametricerrorisa byprod-
uct of the nonparametric frequency-dependent global error O". Also
note that the minimum upper bound error ² is a constant additive
perturbation bound over frequency from the relations in Eqs. (8)
and (12). This corresponds to the uncertainty that is added to the
nominal estimate, Oy D U OH , to account for the � ight data transfer
functiony from Eq. (8). In either case, the nonparametricfrequency-
dependent error O", or its more conservative bound ² , characterizes
the additive perturbation error at each frequency in Figs. 2 and 3:

wa D 1aza D 1a jO"j · 1a² (15)

Alternatively, the real-parametric error 1 H naturally represents
realuncertaintyfromEq. (6) andFig. 4 as a multiplieron thenominal
C matrix. For each output row, using elementwise multiplications
denoted by (:¤), the uncertainty is described by

C1 ´ OC § 1C D C: ¤ OH § 1C; j1C j ´ jC : ¤ 1 H j

k1Ck · kC: ¤ [1r 1 H ]k (16)

where operator 1r is the real perturbation de� ned in Eq. (6),
wr D 1r zr D 1r 1 H , k1r k < 1, and, therefore, k1rok < 1 because
k1ok < 1. Note that real-parametric variation 1C varies equally
positively or negatively according to k1r k < 1, whereas 1 H is a
positive range of variation.

Note here that 1 H , therefore, serves both as a contributionto the
additiveerrorbound[fromEqs. (14) and (15), allowed to be complex
in general to account for phase variations] and as a multiplicative-
output real-parametric error in Eq. (16), and so it is integral to both
typesof uncertaintydescriptions.Despite this relationship,the man-
ner in which the uncertainty is modeled (complex additive vs real
multiplicative) determinesits structureand will affect the robust sta-
bility analysis. Comparisons of both manifestationswill be demon-
strated next.

Aeroservoelastic Flight Data Analysis
Three typesof uncertaintystructureshavebeendiscussedas being

relevant to aeroservoelastic uncertainty modeling. They are com-
pared in this section: 1) complex-multiplicative loop uncertainty
[baseline structure, Fig. 1, with criteria in Eq. (4)], 2) additive with
complex-multiplicativeloopuncertainty[Fig. 3 with 1a in Eq. (15)],
and 3) mixed real parametric with complex-multiplicative loop
uncertainty [Fig. 4 with Eq. (16)].

Complex-multiplicative loop uncertainty at the input and output
in Fig. 1 is the baseline analysis. This baseline structure is aug-
mentedwith additionalperturbationblocksin theadditiveand mixed
analyses. All weights Wi are unity by nature of the perturbationde-
scriptions, maintaining that k1k < 1 for all perturbations,w D 1z.
All uncertainty analyses operate on models that are updated with
the wavelet modal parameter estimates unless stated otherwise.Re-
sults are for the F-18 SRA � ight condition of Mach 0:9, altitude
5000 ft usingall three availableinputsdenotedin Table 1 for lateral–
directionalmaneuvers.

Baseline complex-multiplicative complementary sensitivity
¹-analysis results, using a discrete implementation of controller
K as mentioned after Eq. (1), are compared with additive loop
uncertainty at the output (solid) and input (dashed) in Fig. 5 for
the F-18 SRA lateral–directional � ight condition.Comparisons be-
tween upper-bound additive (²; Fig. 5a) and varying additive (O";
Fig. 5b) results are presented. Note that the additive results must
be at least as large in magnitude as the baseline because additive
includescomplex-multiplicativeuncertainty (Fig. 3) and, therefore,
includes 1a as an additional perturbation to the baseline structure.
These plots demonstrate that the estimated minimax error upper
bound can be somewhat conservative compared to the frequency-
dependent varying bound, but not too unreasonable compared to
the varying error result. Error bounds from the additive minimax
analysis of the � ight data at this condition are evident as being up
to 15 dB larger than the baseline result.

Additive and mixed uncertainty are compared with complemen-
tary sensitivity complex-multiplicative¹-analysis results in Fig. 6,
again for the F-18 SRA lateral–directional � ight condition. Also
shown in these plots are the nominal complex-multiplicativeresults
computed from aeroservoelastic models before any updates from
� ight-derivedparameter estimates were incorporated.

In Fig. 6, the dominant modes are antisymmetric fuselage
� rst bending (near 8 Hz) and antisymmetric wing � rst bending
(near 9 Hz). Differences in modal pole-zero relationships and
modal frequency shifts between the nominal and updated (using
f OA; OB; OC; ODg) complex-multiplicative results demonstrate the sig-
ni� cant effect of parametric updates on the nominal model. As ex-
pected,both mixed and additiveresultsare at least as large in magni-
tude as the baseline.Although the output-mixed-¹ magnitude is the
largest (solid thick line in Fig. 6a) and much larger than the output-
additive result (solid thick line in Fig. 6b), the additive results are

a) b)

Fig.5 For ¹-analysis:additiveperturbations,output-perturbationan-
alysis (To), input-perturbation analysis (Ti ): a) complex-multiplicative
uncertainty ( ; structure in Fig. 1) compared to upper-bound
²-additive ¹-analysis with complex-multiplicative uncertainty ( ;
structure in Fig. 3) and b) complex-multiplicative uncertainty ( ;
structure in Fig. 1) compared to varying Ã"-additive ¹-analysis with
complex-multiplicativeuncertainty ( ; structure in Fig. 3).
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a) b)

Fig. 6 For ¹-analysis: mixed and additive perturbations, output-
perturbationanalysis(To), input-perturbationanalysis(Ti ): a)complex-
multiplicative uncertainty ( ; structure in Fig. 1) compared to mixed
real parametric with complex-multiplicative uncertainty ( ; struc-
ture in Fig. 3) and nominal complex-multiplicative uncertainty and b)
complex-multiplicativeuncertainty ( ; structure in Fig. 1) compared
to upper-bound ²-additive ¹-analysis with complex-multiplicative un-
certainty ( ; structure in Fig. 3) and nominal complex-multiplicative
uncertainty.

Fig. 7a Mixed uncertainty minimum
perturbation to instability.

Fig. 7b Index of perturbation corre-
sponding to output mixed-¹ analysis
from the left-hand plot in Fig. 6.

reversed in that the input-additive magnitude (dashed thick line in
Fig. 6b) dominates with values above all of the other results. De-
spite the relationship between the mixed and additive uncertainties
[1 H () ²; see Eq. (14)] the connection is disguised by the man-
ner in which the uniform additive uncertainty, ² from Eq. (15), is
incorporated in the structure of Fig. 3 compared to the mixed aug-
mentation of 1 H in Eq. (16) and Fig. 4.

Analysis of numerous � ight conditions does not reveal any con-
sistent trends between the mixed and additive results. Quality of
models and � ight data, as well as loop structure (longitudinal or
lateral–directional), are primary considerations.For example, tran-
sonic conditions often exhibit larger uncertainty because of the
model sensitivity21 and the relatively poor quality of � ight data
from exogenous inputs due to aerodynamiceffects. Another source
of signi� cant uncertainty can be dynamic modal cross-axis cou-
pling, especially with modes closely spaced in frequency, between
symmetric and antisymmetric modes. Aeroelastic and aeroservoe-
lastic models are often developed with a preferred axis orientation,
symmetric or antisymmetric. Cross-axis dynamics will necessarily
be revealed as unmodeled dynamics in such a situation.

Lower bounds of ¹ provide the perturbation 1, which causes
instability18 with respect to its structure. [See comments following
Eq. (4).] In Fig. 7a, lower bounds are calculated and plotted with
line-connectedasterisksymbols.Lower valuesof the minimum per-
turbation denote the more sensitive frequencies. In Fig. 7b, corre-
sponding indices of the real parameters (wr D 1r zr , indices 1–37)
and complexuncertaintycontrol feedbackloops (threeoutput loops,
wo D 1ozo with indices 38–40) are marked, also plotted with indi-
vidual asterisk symbols. This information shows which parametric
uncertainties (indices 1–37) or complex-multiplicativeloop uncer-
tainties (indices38–40) in each feedback,at speci� c frequencies,re-
sult in the minimum perturbation-to-instability conditionof Fig. 7a.
For example, complex-multiplicativeuncertaintyin all output loops
(indices 38–40) is very signi� cant, as seen from a congestion of
values at the top of Fig. 7b (three rows corresponding to indices
38–40 at multiple frequencies). Real parameters 1 H contributing
to roll rate are the other perturbations important in the instability
mechanism, as seen from the row and scatter of points plotted at
the bottom. There are no critical real perturbations in the yaw rate
(indices 14–25) or lateral acceleration (indices 26–37) loops.

Conclusions
Aeroservoelatic model identi� cation with uncertainty is ad-

dressedto presenta robustdata-orientedprocedurefor model devel-
opment. Surface command inputs and control system feedbacks are
used as signals in a wavelet-based modal estimation procedure for
modal parameter updates. Transfer functions are incorporated in a
robustminimax estimationscheme to identify input–outputparame-
ters andstructurederrorboundsconsistentwith thedata.Uncertainty
estimates derived from the data in this manner provide appropriate
and relevant representations for robust stability analysis useful for
model validation and control system design. This procedure is an
automated,ef� cient, and reliable approachfor analysisof numerous
� ight data sets for robust stability and model development.
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24Vetterli, M., andKovaÏcević, J., Wavelets andSubbandCoding, Prentice–

Hall, Upper Saddle River, NJ, 1995, Chap. 6, pp. 333–368.
25Le, D. K., “Application of Sampling Theorems in Wavelet Spaces to

Multiresolution Visualization and Data Segmentation,” SPIE Proceedings
of Wavelet Applications in Signal and Image Processing III, Vol. 2569,
Society ofPhoto-OpticalInstrumentationEngineers,Bellingham,WA, 1995,
pp. 220–233.

26Pendleton, E., Bessette, D., Field, P., Miller, G., and Grif� n, K., “Active
Aeroelastic Wing Flight Research Program: Technical Program and Model
Analytical Development,” Journal of Aircraft, Vol. 37, No. 4, 2000,pp. 554–

561.
27Zhang, Y. M., Kovacevic, R., and Yao, Y. X., “Identi� cation of

Multivariable Interval Dynamic Model from Measurements in Frequency
Domain,” Proceedings of the 1997 American Control Conference, Inst. of
Electrical and Electronics Engineers, Albuquerque, NM, 1997, pp. 1939–

1943.
28Bai, E.-W., and Yue, Y., “Constrained Logarithmic Least Squares in

Parameter Estimation,” IEEE Transactions on Automatic Control, Vol. 44,
No. 1, 1999, pp. 184–186.

29Guillaume, P., Pintelon, R., and Schoukens, J., “Robust Parametric
Transfer Function Estimation Using Complex Logarithmic Frequency Re-
sponseData,” IEEETransactionson AutomaticControl, Vol. 40, No. 7, 1995,
pp. 1180–1190.

30Sidman, M. D., DeAngelis, F. E., and Verghese, G. C., “Parametric Sys-
tem Identi� cation on Logarithmic Frequency Response Data,” IEEE Trans-
actions on Automatic Control, Vol. 36, No. 9, 1991, pp. 1065–1070.


